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ME EXTRAPOLATIONS OF A THEOREM OF OZEKI.

JZEKI [3] has shown for example, that if the sSequence
then also the corresponding sequence of Ces3dro means
;] B

{E kzl 2 tnm)

nvex (also see Mitrinovic [1;p.2021).

Setting a = -log n for n ¢ N and observing that
1
1 v “n
= ) -log k = log(n!)
k=1
llows that
.
py D
(i) 7 _,

g—convex. (For a brief survey of the theory of convex
ions we refer to E. Artin, Einfuhrung in die Theorie d
Teubner, (1931)).

e shall prove that more generally we have

iM 1.1. The function f: R+ R defined by
1

£(s) = {T(s+1)} %, (s > 0)

+
j—convex on IR .
[his theorem in its turn is a simple consequence of th

iM 1.2. Let a be a constant >-1. Then the function fa
2d by

1
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s > 0,

+
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ng theorem 1.2 we list &
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wing representation
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et's function given by

e and Gerretsen [4; p.21
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J e St = 2 (s > 0)
0 S

roof is complete. 0
\s an immediate consequence we have

1.3. For s > 0 we have

—u"" (s) +%> 0. 0
S

OF THEOREM 1.2. Let p = a+l so that p > 0. Define ¢(s) = log fa(s

it for s > 0
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¢'(s) = —15{(—1) +—;—)log p + (s+p—%)log(s+p) - s + u(s+p) - u
S
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¢"(s) =-%{(-p+l2)log p + (S+p-—12*)log(s+p) - s + p(s+p) -
S
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+ —{log(s+p) - ——= + u'(s+p)} - A
S2 s+p s s+p (s+p)
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[n order to prove theorem 1.2 it suffices to show that ¢'"(s) > 0 £

, or, eqguivalently, that y(s) def s3¢”(s) > 0 for s > 0.




p > 0 and

p(s) =-2{(-p+D)log p + (s+p - log(s+p) = s +u(s+p) - u(p)} +
1 1

+ 2s{log(s+p) - g%—ﬁ + U'(S+P)} _ Sz{slp + 2 5 + ull(s+p)}
(s+p)

clear that

lim y(s) = 0
s¥0
at the proof is complete if we can show that ¢'(s) > 0 for s > O.

, as one may verify,

V'(s) = sT{-u" (s+p) + — 5 * 1 3}
(s+p) (s+p)

llows from lemma 1.3 that indeed

v'(s) >0 for s > 0. 0
iIM 1.3, If a > -1 then the function ga:DR+ > R defined by
1
S +
g,(s) = {(star)} 7, s € R

j—comvex 1f and only 2f 0 < a < 1.

. Sufficiency. If 0 < a £ | then

0 <l(a+l) < 1.
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roduct of log-convex functions is log-convex it follows from theorem

1/s
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is convex so that {[ (a+1)} is log-convex on IR . Since

1at {r(s+a+l)f_ is log-convex on IR+.

sity. Let p = a+l so that p > 0. Define ¢(s) = log ga(s) so that
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$(s) is convex by assumption we have ¢'"(s) = 0

lim 33¢"(s) > 0.
s¥0

2 other hand we have, as one may verify,

lim s3¢"(s) = -2 log M (p)
s+0

1t we must have
log M (p) £ 0

which it is clear that 1 < p < 2 or, equivalentl

ME EXTRAPOLATIONS OF A THEOREM OTF VAN LINT

VAN LINT [2] has shown that if f:[a,b] - IR is m
x or concave on [a,b], then the sequence of cano
corresponding to f: f(x)dx, is decreasing.

For any positive constant a let fa: [0,1] >R b
£,(x) = log(l +-§), x ¢ [0,1].

fa is increasing and concave, VAN LINT's theor
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THEOREM 2.1. For any positive constant a, the function fa: IR+ - IR

1
{r(as+s+l)}§

M (as+1)

£ (s) = , (s e RY)

. +
18 log-convex on IR .
Before proving this theorem we prove some lemmas.

LEMMA 2.1.

lim {u(s) + l-log 2ms} = 0.
2
sv0

PROOF. For s > 0 we have

s

=

u(s) + %—log 2ms = log EL—SEill-. 0

s
LEMMA 2.2.
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PROOF. Observe that for s > 0

sp'(s) = -s J e_St{ ; - %—+-%}dt

0 e -1

and

1 1

1,541
t 2

2

lim {
t>o e -1

}:

so that the lemma follows from a well known theorem on Laplace transforms.

LEMMA 2.3.
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, Observe that for s > 0
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2.4. The function s3u”'(s) 18 increasing on K.
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ffices to show that
(eX—l)2 > xzex, (x € IR+)

atting x = 2v and taking square roots)

ezv—l > 2vev, (v 0).
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easily seen that ¢y = ¢ = ¢y = 0 and c, 0 for n > 3. O

OF THEOREM 2.1. We set ¢ = a+] and observe that
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the proof is complete if we can prove the following

2.5. If a and c are constants such that c¢ > a > 0 then the function
+~ IR defined by
log c—-log a + u(es) = u(as)

4(s) = > - ,  (seR)

+
wex on IR .

For s > 0 we have

c
¢ (s) =v-log a + cu'(cs) —ap'(as) _ p(es) - u(as)
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9 u(cs) - u(as)

3
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= 53¢"(s) > 0 for s > 0.

, 1f suffices to show that y(s)

Since
v(s) = 108'% + SZ{CZU"(CS) - azu”(as)} +
- 2s{cu'(cs) - au'(as)} + 2{u(es) - u(as)}

ve by lemmas 2.1 through 2.3 that
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log ¢ - up(as) —-% log a} =
sv0 s+0

= 1im 2{pu(ecs) + i-log 2mcs - u(as) - %—1og 2mas} = 0,

s+v0 2
, in order to show that Y(s) > 0 for s > 0 it suffices to show tha
> 0 for s > 0.

Jne may verify that
3
syp'(s) = 53{c3u"'(CS) - a p'" (as)}

it the proof is complete by lemma 2.4. 0
3till more general we have

iM 2.2. If a and c are constants such c > a > 0 then the function

R > R defined by

1
£, () = {sasr<cs+l>}€ y
a,¢ scsr(as+1) ’

+
j—convex on IR .




. Similar as the proof of theorem 2.1.

For any constant a > 1 consider the function fa: [0,1] -~ IR defined by
X
fa(x) = -log(l - 5), x e [0,1].

function is increasing and convex so that by VAN LINT's theorem

[N
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U () ef 1 E ky _ 1 (an)q_(an-n)
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creasing in n.

We shall now show that more generally we have

EM 2.3. If a and b are constants such that a > b > 0 then the function
R - R defined by
as L
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+
g—convex on R .
We shall derive this theorem from the following

EM 2.4. If a and b are constants such that a > b > 0 then the function

R~ IR defined by

1
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g (S)={ (s ¢ R)
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+
g-convex on IR .

Suppose for the moment that theorem 2.4 has been established. Since

1/2s

> 0 it is clear that (%) is log-convex and since the product of

onvex functions is log-convex it follows that
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. establishing theorem 2.4 we prove

2.6. For every non-negative integer n we have.
lim snu(n)(s) = 0.
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Observe that
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OF THEOREM 2.4. Define ¢(s) = logvga b(s) so that, si
b
it suffices to show that
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+
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rom the proof of lemma 2.5 we obtain that
s (s) = s2{b2u"(bs) - a’u"(as)} - 2s{by' (bs) -
+ 2{u(bs) —u(as)} =: &(s)

it by lemma 2.6




lim £(s) = 0.
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arly as before the proof is complete if we can ¢
g'(s) <O for s > 0.

lay verify that

g'(s) = sz{bgu'" (bs) - 3311'" (as)}

at £'(s) < 0 by lemma 2.4. 0

Finally we consider the function

2
£, (x) = ~log(! —-2‘7), x e [0,1]

.a > 1 is constant.

The corresponding canonical upper Riemann sums ¢

U =_1_
n n

log{a(na)zq_(na—n)}
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ince fa is increasing and convex these Un form ¢ 1ce.

As a generalization of this result we have that
R+ +-D§F, (a > 1), defined by
1
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a 1a+l [ (as+s) ’

+
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In order to see this we observe that
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+
g—conv R .

In the .4 replace a by a+l and b by a-1. It follows that

1 1
__ElfVa—l szﬁ—(as-s)}g _
1 1/a+1‘ I (as+s) -

1
;_szﬁ_(as—s)}g

‘1 T (as+s)
g—-conv ng proving our claim.
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